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Abstract 
The paper sees into the problem of bringing a certain macroeconomic system to the turnpike line of development along the 
trajectory, which, in terms of some quadratic quality criterion, approximates the proportions of gross output to optimal ones. 
Moreover, optimal proportions of gross output are considered to be the proportions of the turnpike economic system. A turnpike 
system is formed due to a selective control of the final demand vector, thanks to which the final demand vector becomes balanced. 
Optimal control of a developing microeconomic system allows achieving turnpike growth rates of a master system in the fastest 
way possible. The basis is an input–output dynamic model between the branches that was developed by Wassily Leontief. Selective 
control is based on interrelation of dynamic module secular equation roots and variable parameters, which are, in these terms, 
elements of the final demand vector. An objective of optimal control in this paper is formation of a linear-quadratic regulator, 
which can help to bring a certain microeconomic system on the trajectory of the already existing turnpike system. The use of 
qualitatively new principles of selective control in order to analyze and manage the balanced growth of gross output makes it 
possible to influence the specified movement components of dynamic macro-systems. Such inclusion of economic and 
mathematical methods in the objectives of state regulation of microeconomics is worth being considered as the most prospective.  
When applying methods of selective and optimal control of final demand and external investment effects on microeconomic 
systems it is possible to create and maintain turnpike growth rates of these systems, analyze and optimize temporary investment 
processes in the phase space of industries and provide financial and economic information about costs and investments for decision-
makers in terms of optimal economic development.  
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1. Introduction 
Optimal control in macroeconomic systems is a serious task, which can be solved at minimum costs to update 
(Babkin, Kudryavtseva, Utkina 2013; Vertakova, Grecheniuk, Grecheniuk 2015) economy fundamentally. Update is 
crucial for a balanced growth of gross output, GDP and other microeconomic indices (Toroptsev, Tatochenko 2011). 
The dynamic input-output model of W. Leontief, which is a system of ordinary differential equations, is a 
formalized mathematical and statistical basis that can be used to construct automated methods of economic dynamics 
analysis and management. Today a model approach can be seen as a practically irreplaceable means of systematic 
study of functioning or malfunctioning of the modern economy, searching for potential or actual sources of such 
violations and defining ways to eliminate them. One of the directions that help to considerably increase the quality of 
impact on gross output growth rates is selective control.  
In this work (Leontieff, 1951) we see the Leontief dynamic input-output model, which has the following generally 
accepted appearance: 
(t)  (t) X B - (t) X A) - (E <                                                                                                                                      (1) 
where А – coefficient matrix of direct costs; X(t) – gross output vector-function; В – increment capital coefficient 
matrix; <(t) – final demand vector-function; E – identity matrix. 
Selective control (Babkin, Kudryavtseva 2015) is based on interrelations of secular equation roots of the input-
output model (1) with variable parameters, which, in this context, are elements of the final demand vector <(t). If all 
the roots are negative, then the output parameters of an economic system are declining. In cases there are positive 
roots in the input-output model, driving competition of industries is witnessed. One positive root ensures a constant 
and balanced growth of turnpike development for the microeconomic system. Application of selective control to the 
final demand vector makes it possible to form such a dynamic system, whose path dependencies will be balanced. 
An objective of optimal control in this paper is formation of a linear quadratic regulator, which makes it possible 
to bring a certain macroeconomic system to the path dependences of the already formed turnpike system. 
2.  Application of selective control to form turnpike 
 
It was Paul A. Samuelson (Samuelson, 1995) who suggested calling any balanced path with a maximum growth 
rate as turnpike. As a result there appeared an everyday interpretation of achieving economic objectives in an optimum 
way, i.e.: “to make it” from the initial point X0 to the final point Xk in the best way possible it is worth to get fast to 
the turnpike (improved road for fast traffic), “follow” it as long as possible and only at the end turn to the target point. 
Samuelson’s hypothesis implies that the strategy of an efficient long-term economic growth is similar to the following 
movement plan: going out of the historically established initial condition, economy, first, has to achieve the maximally 
balanced growth, then function during as many planned periods as it is possible in the mode or almost in the mode of 
balanced growth – close to the turnpike, and then, finally, turn to reach a certain objective.  
The essence of the method is to form feedbacks in such a way so that an closed, in terms of consumption, system 
would have a predetermined disposition of secular equation roots. Below is shown an interrelation of proper numbers 
and the control vector of final demand, and the general case of control in macroeconomic systems with an incomplete 
set of fund-creating industries, i.e. when the matrix of capital coefficients is degenerated.  
The system (1) reduced to the normal form of Cauchy (state-space representation) looks as follows: 
F(t)  DX(t)  (t)X                                                                                                                                                     (2) 
where      A)-(E B  D -1 ,  (t) B-   F(t) -1 < . 
This model is open by consumption. Proper values are to be calculated for a closed dynamic system, where final 
demand vectors are described as consuming products, manufactured in other sectors and producing goods, which they, 
in their turn, deliver to these sectors. To close the model (2) the final demand vector has to be expressed by other 
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variables. For this purpose, let us introduce the consumption rate matrix K: KX(t)  (t) <  
Matrix coefficients kij show what amount of goods of sector i is consumed by sector j per unit of output. Then the 
system (2) will be substituted with an closed one in terms of consumption: 
GX(t)  (t)X                                                                                                                                                               (3) 
The solution of this homogeneous system has the following form: 
X(0)e  X(t) Gt                                                                                                                                                         (4) 
where the matrix function eGt is the matrix of size n x n; X(0) – initial values of gross outputs of the n-sector 
macromodel. 
If the matrix G has n different proper values O, then expansion of the function eGt by Sylvester theorem: 
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where С1, С2, …, Сn – vectors of integration invariables, defined from the initial conditions. 
It is possible to simplify the solution of the system (3) by introducing n new phase variables hX~  with the help of a 
non-degenerate linear transformation: 
X~ T  Xor           X~ t  X h
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becomes simpler than the original one. In this case, if there is, in particular, transformation (7), reducing the matrix G 
of the system to a diagonality, then the use of hX
~  converts the original system to a system of equations with separated 
variables:  
     X~  
dt
X~ d
hh
h O                                                                                                                                                    (9) 
whose solution is as follows: 
n)1,2,..., (h      e X~ X~ th0h h   O                                                                                                                           (10) 
and finally we obtain: 
X(0)T)diag(eTX(t) 1λt                                                                                                                               (11) 
where T – proper vectors of the matrix G, diag(eOt) – diagonal matrix. 
With the help of similarity transformation (7) the state space model (3) turns into a canonical form, which is also 
called Frobenius normal form:  
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When comparing (6) and (11), we see that the solution of the system depends both on the proper numbers and 
proper vectors of the matrix G. Moreover, proper values of the matrix G characterize the dynamic properties of the 
system, while proper vectors – ranges of proper motions. 
Let us assume that all proper values of the matrix D are negative and some of them are strongly oscillatory. 
Consequently, these proper values are to be changed. Let us also suppose, that all the variables of the state are 
measured, then the scalar control action is formed as their linear function: 
KX(t) )...( (t) 11   < nnxkxk  
where K – row matrix. Here the problem of parametric synthesis is solved – defining the values of elements of the 
feedback matrix as of state K. The differential equation system appearing as a result of the model closing has the 
following form (3). The matrix of the closed system G has to have the predetermined proper values {O*i; i=1,…,n}. 
Let us form the desired companion matrix: 
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whose final row elements are coefficients of the desired characteristic polynomial. Let us assume that the equation (3) 
is written in the controlled canonical basis – the matrix D has the Frobenius normal form: 
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Then the matrix of the system has the Frobenius normal form, too: 
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The coefficients of the regulator K are found from the equality of the matrices D* and D: 
*
1 inii ddk  
Defining the coefficient of the matrix K is becoming more difficult when a degenerated matrix B is used in the 
model. Below we will see, which transformation have to be applied to the system (1) in this case. 
The source of the capital construction is the internal investment vector I(t): 
)()( tXBtI                                                                                                                                                            (12) 
The elements of the matrix bi,j represent “a stock of specific type of benefits determined by technology – machinery, 
mechanical tools, industrial buildings and facilities, initial and intermediate materials produced by industry i and used 
in industry j to produce a unit of its output” ((Kurbanov, Plotnikov 2011; Toroptsev, Marakhovsky 2007). Each column 
of the matrix B describes a need for physical capital in a certain industry whereas each column – an ability to provide 
this capital for other industries. 
Division of industries into “fund-creating” and non-creating funds results in zero rows in the capital coefficient 
matrix. In this case, the matrix B is degenerated and, as exemplified by linear algebra, does not have the inverse matrix 
В-1. Accounting of industries that are unable to generate capital funds turns the differential equation system (1) into a 
system of algebraic-differential equations: 
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in which the capital coefficient matrix and Leontief matrix (denoted as A) are broken down into four sub-matrices.  
If the system (13) consists of m differential equations and n algebraic ones, then the sizes of sub-matrices are the 
following: A1(m,m), A2(m,n), A3(n,m), A4(n,n), B1(m,m), B2(m,n), B3(n,m), B4(n,n). Since the matrix B has zero 
rows, elements of the sub-matrices B3 and B4 equal zero. Since the Leontief matrix is productive, the square submatrix 
A4 is nondegenerated and has an inverse matrix A4-1. Further transformation include elimination of algebraic 
equations of the system (13) and its reduction to a system of only differential equations. 
Let us express the vector X2 from the system of algebraic equations: 
2A4-A3X1-A4X2 -1-1 <                                                                                                                                   (14) 
The obtained value is substituted in the system of differential equations, which will have the following form: 
0)2A2A4-1(A3)X1A2A4-(A11XA3)B2A4-(B1 -1-1-1  <<                                                                     (15) 
In this system the matrix of derivative coefficients is non-degenerate, and, consequently, there is no problem in 
finding a solution in the form of X1(t). By substituting the obtained solution in the system (14) let us find X2(t). Thus, 
a solution to the system of algebraic-differential equations (13) is found and the problem of solution to the system of 
differential equations (1), where not all the industries are fund-creating, is overcome. 
Since the model has non-creating funds industries, and, as a consequence, zero rows in the matrix of capital 
coefficients, it results in transformation of the system of differential equations (1) into the system of equations (15), 
which makes the model diminish in size. The size of the model in this case is determined by the number of fund-
creating industries. Thus, the fewer there are fund-creating industries in the model, the fewer there are movement 
components in the solution equations (6) of the system (13). The dynamics of development of industries that do not 
generate the fixed capital is accounted through solving algebraic equations (14) containing no inertial element, so the 
solutions will be linearly dependent in relation to the ones found from the first part of the system (13).  
The analysis of the system (15) reveals that the vector of the final demand, whose structure has to be determined, 
has the following form: 
)(2A2A4-1(t)(t) -1 t<< <                                                                                                                                 (16) 
Two components <1(t) and <2(t) correspond to the demand in the industries that are capable and not capable to 
generate funds. The methods of final demand control <(t) is analogous to the one described above. To identify the 
obtained coefficients of the consumption rate matrix in the industries, it is necessary to consider the multiplier 
-1A2A4 . It is worth noting that the industries unable to generate fixed capital are an additional burden for the system 
(15), and this burden is the lower, the lower the values of sub-matrices of direct material costs -1A2A4  are. 
The use for analysis and control of a balanced gross output growth of qualitatively new principles of selective 
control makes it possible to affect the stipulated movement components of dynamic macrosystems. This inclusion of 
economic and mathematical methods in the objectives of state regulation of macroeconomy should be considered the 
most prospective one. 
3. Application of optimal control to bring microsystems into the turnpike development path 
Selective control is the first stage to solve the problem of optimal control, since there is an infinite set of systems 
satisfying the conditions of turnpike functioning. 
Conversion of an economic system into the turnpike growth rates, the same as transition to the goal that has been 
set call for external efforts in the form of investments, and, probably, those which are not one-time, but distributed in 
time. As for complex multi-sector economic systems the investor should also understand how investments have to be 
distributed proportionally in sub-systems of industries. Answers to these questions can be found if control over 
economic systems is examined from the positions developed in the theory of optimal control and system analysis.  
Synthesis of optimal controls in case the system deviates from a planned value gives an optimal solution with it 
being in a new condition. The technique of optimal equation synthesis described below makes it possible to bring 
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dynamic macrosystems to the turnpike rates of functioning. 
We have two dynamic Microsystems, one of which is going to be called a developing one: 
)()()()( 11 tUBtXKAEBtX    ,    X0X(0)                                                                                           (17) 
and the second one – a master system of the following form: 
)()( tXGtX mmm   ,     0X(0)X mm                                                                                                                 (18) 
here X(t) and Xm(t) – level of gross output of the developing and turnpike system; U(t) – external investment influence; 
Gm – matrix of an closed turnpike system. 
The systems of differential equations (17) and (18) are written in the normal Cauchy form and represent input-
output models of Leontief microeconomic systems (Reikard 2011; Tafti, Jahani, Emami 2012). Dynamic properties 
of such systems, based on control over disposition of proper numbers on the complex plane, were modeled and 
analyzed by E.L. Toroptsev (Toroptsev, Gurnovich 2006). 
Figure 1 represents the results of integration of the systems (17) and (18). As an example, models of three-industry 
economies have been chosen. Turnpike development of the master system (18) is represented in the graph with fine 
lines. In this system throughout the whole time interval there are optimal proportions of development, which ensures 
a constant growth of gross output. Non-optimal and unbalanced plan of formation of a developing system (17) 
contributes to decline of one of the industries.  
The developing system cannot redistribute, on its own, proportions of gross output in an optimal way, so the model 
implies an external investment component U(t), which is still unknown, but thanks to which there should appear a 
convergence result of gross output for the developing and master systems. This means, that the difference 
Y(t)=Xm(t)-X(t)                                                                                                                                                      (19) 
has to tend to zero with t=∞, т.е. Y(∞)=0. For practical purposes it is necessary to synthesize such external control 
U(t), which during a finite time tk would bring the difference Y(tk) to zero. Moreover, beginning with time tk, the level 
of gross output of the developing system has to coincide with the level of the master system. 
 
Fig. 1. Dynamics of gross output of the turnpike and developing system without investment influence. 
Let us differentiate the equation (19) by t and obtain: 
(t)X-(t)X(t)Y m                                                                                                                                                  (20) 
Considering (17) and (18) let us rewrite (20) in the following form: 
)()()()(G(t)Y 11m tUBtXKAEBtXm
                                                                                             (21) 
taking into account that Xm(t)=Y(t)+X(t) we obtain: 
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)()())(()(G(t)Y 11m tUBtXKAEBGtY m
                                                                                     (22) 
In order to simplify further calculations let us assume that the model (22) is fully controllable, then it is possible to 
determine such a linear quadratic regulator Z that would hold all outputs of the system close to zero position. 
To close the system let us introduce the following linear transformation: 
X(t)=ZY(t)                                                                                                                                                             (26) 
If we assume that Z is such a regulator that considers external influence on the system (22) on the part of X(t) and 
U(t) we obtain an closed system: 
)()))((G((t)Y 1m tYZKAEBGm                                                                                                         (27) 
In case there is lack of complete information about the structure of gross output of the master and developing 
systems, the linear controller for the model (27) will be the following: 
))(~)(()(~)))((G((t)Y~ 1m tYCtCYJtYZKAEBGm                                                                         (28) 
where the matrix J is called the controller’s strengthening, C – matrix of change, and )(~ tY  - recovery condition. Let 
us note, that in the individual case, when J=0, the controller turns into a model of the closed system (27). This is the 
very case we are going to be interested in future.  
One of the approaches to the synthesis of regulators with predetermined values of proper numbers of the closed 
contour is to place the dynamic properties of the system into the so-called value functional, which is then minimized 
numerically. This approach is called an optimal control, as the quality functional is optimized. Optimization transforms 
the technical task from direct projecting of a regulator onto projecting a quality criterion that makes the regulator 
appear automatically. 
Let us define Z in such a way that its use in the positive feedback network (26) would minimize the quadratic 
functional: 
³
f
 
0
)(J(X) dtRXXQYY TT                                                                                                                                (29) 
here Q – non-negatively definite, and R – positively definite diagonal matrix of weight coefficients. Weight matrices 
Q and R define the ratio between the quality of control (how quickly the processes goes to zero) and control costs. 
Matrix Z is defined by a numerical solution of the Riccati equation: 
0))(())((ZZGZG 111Tmm    QZKAEBGRKAEBG Tmm                                            (30) 
Having calculated Z and integrated in the system (27) let us write its solution as: 
)0(Y(t) )))((G(
1
m Ye tZKAEBGm                                                                                                               (31) 
All proper numbers of the matrix )))((G( 1m ZKAEBGm    are strictly negative, so the convergence 
process of trajectories of the developing and master systems is consistent and goes to zero with time Y(t). This result 
is reflected in the graph of Figure 2. 
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Fig.2. Dinamics Y(t). 
 
Determination of the functional dependence Y(t), which is optimal in terms of functional minimum (29), allows 
calculate trajectories of convergence of the developing and master systems by formula: 
Xnew(t)=Xm(t)-Y(t)                                                                                                                                                 (32) 
The calculation result (32) is shown in Figure 3. The top beam of trajectories goes to the comparison beam until its 
full convergence and continues its development in the turnpike mode of the stipulated trajectories.  
 
Fig.3. Convergence of trajectories in the developing and master systems. 
Determination of definite amounts of investment flows is related to digitalization of continuous models of dynamic 
systems. Fluctuations and deviations from the stipulated trajectories will have to be compensated by additional 
influences. 
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4. Conclusion  
 
Application of the methods of the selective and optimal control of the final demand and external investment 
influences on macroeconomic systems allows creating and supporting turnpike growth rates of these systems, analyze 
and optimize temporary investment processes in the phase space of industries and at the same time provide financial 
and economic information about costs and investments for the people who take decisions in the field of optimal 
economic development.  
 
5. Directions of further studies 
 
The findings are based on the hypothesis that dynamic models of macroeconomic systems are linear. In practice, 
in real economic systems different effects are witnessed, for example, synergy and self-organization (Lebedeva, 
Lebedev, Smikova 2006), which cannot be described in terms of linear presuppositions. Research into the issues of 
optimal control in non-linear and unstable economic systems is continuation of the present study. 
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